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Abstract
Recently the exact NSVZ β-function was rewritten in the form of a relation between the
β-function and the anomalous dimensions of the quantum gauge superfield, of the Faddeev–
Popov ghosts, and of the matter superfields. It was also suggested that this form of the NSVZ
equation follows from an underlying equation relating two-point Green functions of the theory.
Here we demonstrate that this relation is satisfied at the two-loop level for the non-Abelian
N = 1 supersymmetric gauge theories in the case of using the simplest (BRST non-invariant)
version of the higher covariant derivative regularization. Consequently, the integrals giving the
two-loop β-function can be reduced to the one-loop integrals giving the anomalous dimensions
of the quantum gauge superfield, of the Faddeev–Popov ghosts, and of the matter superfields.
1 Introduction
The exact NSVZ β-function [1, 2, 3, 4] is the famous all-order relation between the β-function
and the anomalous dimension of the chiral matter superfields (in the representation R of the
gauge group),1
β(α, λ) = −
α2
(
3C2 − T (R) +C(R)i
j(γφ)j
i(α, λ)/r
)
2pi(1 − C2α/2pi)
. (1)
In our notation α = e2/4pi is the coupling constant and λijk are the Yukawa couplings. The group
theory factors are defined by the equations fACDfBCD ≡ C2δ
AB , tr (TATB) ≡ T (R) δAB , and
(TA)i
k(TA)k
j ≡ C(R)i
j , where (TA)i
j are the generators of the gauge group in the representation
R. Generators tA of the fundamental representation in our notation satisfy the normalization
condition tr(tAtB) = δAB/2. The dimension of the gauge group is denoted by r.
For the pure N = 1 supersymmetric Yang–Mills (SYM) theory Eq. (1) gives the exact β-
function in the form of the geometric series, and for theories with extended supersymmetry it
produces all non-renormalization theorems [5, 6, 7] which have been originally proposed in [8, 9]
for N = 2 theories (see also Ref. [10]) and in [8, 9, 11, 12] for N = 4 SYM. The NSVZ-like
relations also exist for the Adler D-function [13] in N = 1 SQCD [14, 15] and for theories with
softly broken supersymmetry [16, 17, 18].
Although a lot of general arguments (see, e.g., [5, 19, 20]) lead to Eq. (1), its direct derivation
by methods of perturbation theory is a complicated and so far unsolved problem. Starting from
the three-loop approximation the NSVZ relation is not valid in the DR-scheme [21, 22, 23, 24,
25] due to the scheme dependence [26, 27]. However, by the help of a specially tuned finite
renormalization in a given loop it is possible to construct a scheme in which Eq. (1) is valid.
1Here we do not so far specify, how the renormalization group functions are defined.
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Already in the three-loop approximation this fact is highly non-trivial [21], because the NSVZ
relation leads to some scheme independent consequences [27, 28]. In the Abelian case the NSVZ
scheme can be easily constructed for N = 1 theories regularized by the higher covariant derivative
regularization [29, 30, 31] in a supersymmetric version [32, 33]. This scheme is obtained (in all
orders of perturbation theory) if only powers of ln Λ/µ (where Λ is the dimensionful parameter
of the regularized theory and µ is a normalization point) are included in the renormalization
constants [34]. This prescription looks very similar to the minimal subtractions, so that it is
possible to write
NSVZ = HD+MSL, (2)
where MSL means Minimal Subtractions of Logarithms. The NSVZ-like schemes for the Adler
D-function in N = 1 SQCD [35] and for the renormalization of photino mass in N = 1 SQED
[36] are obtained by the same way.
The possibility of formulating this simple prescription giving the NSVZ scheme with the
higher derivative regularization follows from an interesting feature of quantum corrections which
was first noted in [37, 38]. Namely, the momentum integrals giving the β-function (defined in
terms of the bare couplings) can be presented in the form of integrals of total derivatives [37] and
even double total derivatives [38]. In N = 1 SQED this allows obtaining the NSVZ relation for
the renormalization group (RG) functions defined in terms of the bare coupling constant by taking
the integral over the momentum of a matter loop. The all-loop derivation of the NSVZ equation
by this method for N = 1 SQED was made in Refs. [39, 40] and has been verified by an explicit
three-loop calculation in [41]. Similar all-loop derivations of the NSVZ-like relations were done for
the Adler D-function in N = 1 SQCD [14, 15] and for the renormalization of the photino mass in
softly broken N = 1 SQED [42]. Note that the higher derivative regularization is a very essential
ingredient of this construction, because for factorizing loop integrals into integrals of double total
derivatives one should take the limit of the vanishing external momentum. For theories regularized
by the dimensional reduction [43, 44] one should either introduce auxiliary masses in propagators
in this limit [45], or make calculations for the non-vanishing external momentum. In the latter
case the factorization into double total derivatives does not take place, although some similar
constructions can be found [46, 47].
The derivation of the NSVZ relation in all cases mentioned above has a simple graphical
interpretation [38] (see also [48]). Let us draw a supergraph without external lines. By attaching
two external gauge legs in all possible ways we obtain a group of diagrams contributing to the β-
function. The NSVZ equation relates it to the contribution to the anomalous dimension given by
superdiagrams which are obtained from the original graph by cutting matter lines in all possible
ways.
In the non-Abelian case explicit calculations in lowest loops with the higher covariant deriva-
tive regularization (see, e.g., [49, 50, 51, 52, 53, 54]) also reveal factorization of integrals giving
the β-function into integrals of double total derivatives. However, the above described graph-
ical interpretation of Eq. (1) is evidently unapplicable in this case. Really, the β-function is
obtained from diagrams with two external legs of the background superfield, while by cutting
various propagators we obtain diagrams with external lines of the quantum gauge superfield, of
the Faddeev-Popov ghosts, and of the matter superfields. Moreover, Eq. (1) contains the cou-
pling constant dependent denominator which hinders comparing different contributions. All this
difficulties were overcome in [55], where it was proved that the three-point gauge-ghost vertices
are finite in all loops. (It is important that the gauge leg in these vertices corresponds to the
quantum gauge superfield.) Using this non-renormalization theorem one can rewrite the NSVZ
relation (1) (for the RG functions defined in terms of the bare couplings) in the equivalent form
2
β(α0, λ0)
α20
= −
1
2pi
(
3C2 − T (R)− 2C2γc(α0, λ0)− 2C2γV (α0, λ0) + C(R)i
j(γφ)j
i(α0, λ0)/r
)
. (3)
This equation relates the β-function to the anomalous dimensions γc, γV , and (γφ)i
j of the
Faddeev–Popov ghosts, of the quantum gauge superfield, and of the matter superfields, respec-
tively. Moreover, it does not contain the coupling dependent denominator. That is why Eq. (3)
admits exactly the same qualitative graphical interpretation as in the Abelian case.
Eq. (3) allows suggesting that, similar to the Abelian case, with higher covariant derivative
regularization the Green functions (defined as in Ref. [55], see Eqs. (18) and (33) below) satisfy
the equation
d
d ln Λ
(
d−1 − α−10
)∣∣∣
α,λ=const; p→0
= −
3C2 − T (R)
2pi
−
1
2pi
d
d ln Λ
(
− 2C2 lnGc − C2 lnGV + C(R)i
j ln(Gφ)j
i/r
)∣∣∣
α,λ=const;q→0
. (4)
If this equation is valid in all loops, than Eq. (3) is also valid, and Eq. (2) giving the NSVZ
scheme takes place in the non-Abelian case. At the three-loop level this has been verified by an
explicit calculation in Ref. [54] for terms quartic in the Yukawa couplings. However, this check
works only for the matter part of Eq. (4), while it is much more interesting to compare parts
coming from the contributions of the quantum gauge superfield and ghosts. This is much more
difficult from technical point of view, because the higher covariant derivative term leads to new
vertices of the complicated structure. That is why, at present, the complete calculation of the
considered Green functions with the BRST-invariant version of the higher covariant derivative
regularization was made only in the one-loop approximation [53, 56]. Nevertheless, the calcula-
tions can be considerably simplified by the help of the BRST non-invariant versions of the higher
derivative regularization, see Refs. [49, 50, 51, 52]. Such a non-invariant regularization should be
supplemented by a special renormalization prescription which restores the Slavnov–Taylor iden-
tities [57, 58] in each order of perturbation theory. Such prescriptions were constructed, e.g., in
[59, 60] for non-supersymmetric gauge theories and in [61, 62] for the supersymmetric case.
In this paper we verify the relation (4) for the two-loop two-point Green function of the
background gauge superfield and the one-loop two-point Green functions of the quantum gauge
superfield, ghosts, and matter superfields. We take the two-loop result obtained with the BRST
non-invariant version of the higher derivative regularization from Ref. [50] and compare it with
the one-loop two-point Green functions, which are obtained here with the same regularization
supplemented by the renormalization prescription proposed in [62]. This regularization is de-
scribed in Sect. 2. In Sect. 3 we demonstrate the validity of Eq. (4) as an equality between the
loop integrals.
2 N = 1 supersymmetric gauge theories regularized by higher
derivatives
We consider the N = 1 SYM theory interacting with the massless chiral superfields φi in a
certain representation R of the gauge group G,
S =
1
2e20
Re tr
∫
d4x d2θW aWa +
1
4
∫
d4x d4θ φ∗i(e2V )i
jφj
+
(1
6
λijk0
∫
d4x d2θ φiφjφk + c.c.
)
. (5)
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The subscript 0 denotes bare couplings, namely, the gauge coupling constant e0 and the Yukawa
couplings λijk0 . Certainly, we assume that this theory is gauge invariant, so that the Yukawa
couplings satisfy the equation
λmjk0 (T
A)m
i + λimk0 (T
A)m
j + λijm0 (T
A)m
k = 0. (6)
In this paper we will use almost the same version of the higher derivative regularization as
in Ref. [50] (see also [51, 52]), because in this case we know all integrals defining the two-loop
β-function. To construct this regularization, first, we make the background-quantum splitting by
the help of the substitution e2V → eΩ
+
e2V eΩ. Then the background superfield V is given by the
equation e2V = eΩ
+
eΩ. It is convenient to choose the gauge fixing term which does not break the
background gauge invariance, namely,2
Sgf = −
1
32e2
tr
∫
d4x d4θ V (∇2∇¯2 + ∇¯2∇2)V, (7)
where the background supersymmetric covariant derivatives are written as
∇a = e
−Ω+Dae
Ω+ ; ∇¯a˙ = e
ΩDa˙e
−Ω. (8)
Certainly, it is also necessary to introduce anticommuting Faddeev–Popov and Nielsen–Kallosh
ghost superfields with the actions
SFP =
1
e20
tr
∫
d4x d4θ
(
eΩc¯e−Ω + e−Ω
+
c¯+eΩ
+
)
×
{( V
1− e2V
)
Adj
(
e−Ω
+
c+eΩ
+
)
+
( V
1− e−2V
)
Adj
(
eΩce−Ω
) }
; (9)
SNK =
1
2e20
tr
∫
d4x d4θ b+e2V be−2V , (10)
respectively.
In this paper we use a version of the higher covariant derivative regularization which is obtained
by adding
SΛ =
1
2e20
Re tr
∫
d4x d4θ V
(∇2µ)
n+1
Λ2n
V +
1
4
∫
d4x d4θ φ∗i
(
eΩ
+ (∇2µ)
m
Λ2m
eΩ
)
i
jφj (11)
to the action, where the background covariant derivative ∇µ is defined by the equation
{∇a, ∇¯b˙} = 2i(γ
µ)ab˙∇µ. (12)
By adding the term (11) we regularize all divergences except for the ones in the one-loop ap-
proximation, for which one should use the Pauli–Villars method [31]. To cancel the one-loop
divergences, it is possible to insert the Pauli–Villars determinants for the matter superfields and
ghosts,3
( ∫
DΦ exp (iSΦ)
)
−1
∫
DB exp (iSB)
K∏
I=1
( ∫
DC¯I DCI exp (iSC,I)
)cI
, (13)
into the generating functional. Here the (commuting) Pauli–Villars superfields Φi with the action
2The gauge term (7) corresponds to the Feynman gauge ξ = 1.
3In the Feynman gauge one-loop diagrams with a loop of the quantum gauge superfield are finite.
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SΦ =
1
4
∫
d4x d4θΦ∗i
(
eΩ
+ (∇2µ)
m
Λ2m
eΩ + eΩ
+
e2V eΩ
)
i
jΦj +
(1
4
M ij
∫
d4x d2θΦiΦj + c.c.
)
(14)
lie in the representation R. Also we assume existence of the invariant mass term, such that
M ijM∗jk = δ
i
kM
2 with M = aφΛ, where aφ is a constant. The chiral superfields C¯I and CI with
I = 1, . . . ,K are anticommuting and lie in the adjoint representation. The commuting chiral
superfield B also lies in the adjoint representation. The actions for these superfields have the
form
SC,I =
1
e20
tr
∫
d4x d4θ
(
eΩC¯Ie
−Ω + e−Ω
+
C¯+I e
Ω
+
){( V
1− e2V
)
Adj
(
e−Ω
+
C+I e
Ω
+
)
+
( V
1− e−2V
)
Adj
(
eΩCIe
−Ω
) }
+
(mC,I
e20
tr
∫
d4x d2θ C¯ICI + c.c.
)
; (15)
SB =
1
2e20
tr
∫
d4x d4θ B+e2V Be−2V +
(mB
2e20
tr
∫
d4x d2θ B2 + c.c.
)
. (16)
The masses should be proportional to the parameter Λ, mB = aBΛ, mC,I = aC,IΛ, where the
coefficients aB and aC,I are some constants independent of the couplings. To cancel the one-loop
divergences, the coefficients cI in Eq. (13) should satisfy the conditions
1 +
K∑
I=1
cI = 0;
K∑
I=1
cIm
2
C,I = 0. (17)
Note that the higher derivative term (11) does not break the background gauge invariance
and leads to relatively simple calculations, because there are no new vertices containing the
quantum gauge superfield. However, the BRST invariance (which is a remnant of the quantum
gauge invariance after the gauge fixing procedure [63, 64]) is broken. The BRST-invariant version
of the higher covariant derivative regularization can be also constructed, but the calculations
made by the help of it are much more complicated, see, e.g. [53]. At present, the β-function
of the general renormalizable N = 1 supersymmetric gauge theory has been calculated with the
BRST invariant version of the higher derivative regularization only in the one-loop approximation
[53], although some contributions are known even in the three-loop approximation [54]. For the
regularization obtained with the higher derivative term (11), all integrals giving the two-loop β-
function have been found in Refs. [50, 51, 52]. Certainly, the non-invariant regularization should
be supplemented by a proper subtraction scheme which restores the Slavnov–Taylor identities. In
this paper we will use a procedure similar to the one proposed in [62].
3 Relation between the Green functions
First, we remind the result for the two-loop two-point Green function of the background
gauge superfield obtained in [50, 51]. Due to the unbroken background gauge invariance the
corresponding part of the effective action can be presented in the form
Γ
(2)
V
= −
1
8pi
tr
∫
d4p
(2pi)4
d4θV (p, θ)∂2Π1/2V (−p, θ) d
−1(α0, λ0,Λ/p), (18)
where ∂2Π1/2 is the supersymmetric transversal projection operator. In this equation the coeffi-
cient is chosen so that the function d coincides with α0 = e
2
0/4pi in the tree approximation. In
the two-loop approximation
5
dd ln Λ
(
d−1 − α−10
)∣∣∣
α,λ=const; p→0
= C2 (IFP + INK) + T (R)I0 + α0(C2)
2I1
+
α0
r
tr
(
C(R)2
)
I2 + α0C2T (R)I3 +C(R)i
j
λimn0 λ
∗
0jmn
4pir
I4 +O(α
2
0, α0λ
2
0, λ
4
0). (19)
Writing the (Euclidean) integrals Ii in this equation we will use the notation
Fq ≡ 1 +
q2m
Λ2m
; Rq ≡ 1 +
q2n
Λ2n
. (20)
The one-loop contributions IFP, INK, and I0 come from diagrams with a loop of the ghost or
matter superfields and can be easily calculated,
IFP = 2pi
K∑
I=1
cI
∫
d4q
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂qµ
[ 1
q2
ln
(
1 +
m2C,I
q2
)]
= −
1
pi
; (21)
INK = −pi
∫
d4q
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂qµ
[ 1
q2
ln
(
1 +
m2B
q2
)]
= −
1
2pi
; (22)
I0 = pi
∫
d4q
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂qµ
[ 1
q2
ln
(
1 +
M2
q2F 2q
)]
=
1
2pi
. (23)
They give the first term in the right hand side of Eq. (4).
The two-loop contributions to the β-function are given by the integrals
I1 = −12pi
2
∫
d4q
(2pi)4
d4k
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂qµ
[ 1
k2Rkq2Rq(q + k)2Rq+k
]
; (24)
I2 = 8pi
2
∫
d4q
(2pi)4
d4k
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂qµ
[ 1
k2Rkq2Fq(q + k)2Fq+k
−
FqFq+k
k2Rk
(
q2F 2q +M
2
) (
(q + k)2F 2q+k +M
2
)]; (25)
I3 = 8pi
2
∫
d4q
(2pi)4
d4k
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂kµ
[ 1
(k + q)2Rk+qq2Fqk2Fk
−
FqFk
(k + q)2Rk+q
(
q2F 2q +M
2
) (
k2F 2k +M
2
)]; (26)
I4 = −8pi
2
∫
d4q
(2pi)4
d4k
(2pi)4
d
d ln Λ
∂
∂qµ
∂
∂qµ
[ 1
k2Fkq2Fq(q + k)2Fq+k
]
. (27)
All of them are integrals of double total derivatives. This allows taking one of the momentum
integrals,
I1 = −6
∫
d4k
(2pi)4
d
d ln Λ
1
k4R2k
; (28)
I2 = 4
∫
d4k
(2pi)4
d
d ln Λ
1
k4FkRk
; (29)
I3 = 2
∫
d4k
(2pi)4
d
d ln Λ
[ 1
k4F 2k
−
F 2k(
k2F 2k +M
2
)2 ]; (30)
I4 = −4
∫
d4k
(2pi)4
d
d ln Λ
1
k4F 2k
. (31)
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Certainly, these integrals can be easily calculated (see, e.g., Ref. [51]), but we will not do this,
because here we would like to verify Eq. (4) at the level of loop integrals. Using Eqs. (19) and
(28)–(31) the left hand side of Eq. (4) can be written as
d
d ln Λ
(
d−1 − α−10
)∣∣∣
α,λ=const; p→0
= −
3C2 − T (R)
2pi
+
∫
d4k
(2pi)4
1
k4
d
d ln Λ
[
− (C2)
2 6α
R2k
+tr
(
C(R)2
) 4α
rFkRk
+ 2αC2T (R)
(
1
F 2k
−
k4F 2k(
k2F 2k +M
2
)2
)
− C(R)i
j
λimnλ∗jmn
pirF 2k
]
+O(α2, αλ2, λ4), (32)
where we take into account that α0 = α+O(α
2) and λijk0 = λ
ijk +O(αλ, λ3).
Let us compare this expression with the one-loop two-point Green functions of the quantum
gauge superfield, of the Faddeev–Popov ghosts, and of the matter superfields. The functions GV ,
Gc, and (Gφ)j
i entering Eq. (4) are related to the corresponding contributions to the effective
action by the equation
Γ(2) − S
(2)
gf = −
1
2e20
tr
∫
d4q
(2pi)4
d4θ V (q, θ)∂2Π1/2V (−q, θ)GV (α0, λ0,Λ/q)
+
1
2e20
tr
∫
d4q
(2pi)4
d4θ
(
− c¯(q, θ)c+(−q, θ) + c¯+(q, θ)c(−q, θ)
)
Gc(α0, λ0,Λ/q)
+
1
4
∫
d4q
(2pi)4
d4θ φ∗j(q, θ)φi(−q, θ) (Gφ)j
i(α0, λ0,Λ/q) + . . . , (33)
where the dots denote the other terms in the effective action quadratic in fields. According to
this definition, in the tree approximation
GV = 1 +O(α0); Gc = 1 +O(α0); (Gφ)i
j = δi
j +O(α0, λ
2
0). (34)
Note that the two-point Green function of the quantum gauge superfield is transversal. This
follows from the Slavnov–Taylor identities [57, 58] and the Schwinger–Dyson equations for the
Faddeev–Popov ghosts. However, the regularization used in this paper breaks the BRST invari-
ance of the total action and, therefore, the Slavnov–Taylor identities are valid only after a special
renormalization procedure made according to the prescription presented in [62]. In particular,
the two-point Green function of the quantum gauge superfield will be transversal only after this
procedure. Below we will demonstrate this by an explicit calculation.
Let us calculate the derivatives of the functions (Gφ)j
i, Gc, and GV with respect to lnΛ in
the limit of the vanishing external momentum with the considered version of the higher derivative
regularization.4
The one-loop two-point Green function of the matter superfields is obtained by calculating
the diagrams presented in Fig. 1. This calculation gives
d
d ln Λ
ln(Gφ)j
i
∣∣∣
α,λ=const; q→0
=
∫
d4k
(2pi)4
(
−C(R)j
i 8piα0
k4FkRk
+ λimn0 λ
∗
0jmn
2
k4F 2k
)
+O(α20, α0λ
2
0, λ
4
0). (35)
4Earlier such a calculation has been made only with the BRST invariant version of the higher covariant deriva-
tive regularization in [53], but here it is important that various Green functions will be obtained with the same
regularization method.
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Figure 1: Superdiagrams giving the two-point Green function of the matter superfields in the
one-loop approximation.
The superdiagrams contributing to the one-loop two-point Green function of the Faddeev–
Popov ghosts are presented in Fig. 2. In the Feynman gauge ξ = 1 (which is used in this paper
following Refs. [50, 51]) their sum in the limit of the vanishing external momentum is 0,
Figure 2: Superdiagrams contributing to the one-loop two-point Green function of the Faddeev–
Popov ghosts.
d
d ln Λ
lnGc
∣∣∣
α,λ=const; q→0
= O(α20). (36)
The two-point Green function of the quantum gauge superfield in the one-loop approximation
is contributed to by the superdiagrams presented in Fig. 3. The result for them is written as
Figure 3: Superdiagrams giving the two-point Green function of the quantum gauge superfield V
in the one-loop approximation.
Γ
(2)
V − S
(2)
gf = −
1
2e20
tr
∫
d4q
(2pi)4
d4θ
(
V (q, θ)∂2Π1/2V (−q, θ)GV (α0, λ0,Λ/q)
+V (q, θ)V (−q, θ) G˜V (α0, λ0,Λ/q)
)
. (37)
Unlike Eq. (33), the Green function obtained from this equation is not transversal. This occurs,
because the regularization breaks the BRST invariance. Consequently, the Slavnov–Taylor iden-
tities are also broken and the two-point Green function of the quantum gauge superfield is no
longer transversal.5 Explicitly calculating the diagrams presented in Fig. 3 we obtain that the
5Note that the transversality of the two-point Green function of the background gauge superfield is ensured by
the unbroken background gauge invariance.
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non-invariant part of the two-point function (37) in the limit of the vanishing external momentum
is written as
G˜V
∣∣∣
q→0
= −8piα0
∫
d4k
(2pi)4
[1
6
C2
( 1
k2
+
K∑
I=1
cI
1
k2 +m2C,I
−
1
k2Rk
)
+ T (R)
(Fk − 1)M
2
k2F 2k (k
2F 2k +M
2)
]
+O(α20, α0λ
2
0) ≡ e
2
0Λ
2gV +O(α
2
0, α0λ
2
0). (38)
For m ≥ 1 and n > 1 this integral is convergent due to the conditions (17), so that (for finite Λ)
gV is a finite numerical constant.
According to Ref. [59, 60], starting from the result obtained with a non-invariant regularization
one should construct Green functions satisfying the Slavnov–Taylor identities by the help of a
special algorithm. In the supersymmetric case this algorithm is described in [61] for the Abelian
theories, and in [62] for the non-Abelian ones. The first step of this algorithm is to remove
non-invariant terms proportional to V (q, θ)V (−q, θ) from the two-point Green function of the
quantum gauge superfield and keep only invariant terms proportional to V (q, θ)∂2Π1/2V (−q, θ).
Consequently, the Slavnov–Taylor identity (in this case, the transversality of the considered Green
function) is satisfied by the renormalized Green function. It is easy to demonstrate that the above
procedure is equivalent to adding the non-invariant counterterm
∆S =
1
2
gV Λ
2 tr
∫
d4x d4θ V 2, (39)
which appears due to the use of the non-invariant regularization.6
The invariant part of the function (37) is logarithmically divergent in the limit Λ→∞. After
calculating the diagrams presented in Fig. 3 we have obtained
d
d ln Λ
lnGV
∣∣∣
α,λ=const; q→0
= piα0
∫
d4k
(2pi)4
d
d ln Λ
[
−
12C2
k4R2k
+T (R)
(
4
k4F 2k
−
4F 2k(
k2F 2k +M
2
)2
)]
+O(α20, α0λ
2
0). (40)
Thus, the terms containing various lnG in the right hand side of Eq. (4) can be written as
−
1
2pi
d
d ln Λ
(
− 2C2 lnGc −C2 lnGV +C(R)i
j ln(Gφ)j
i/r
)∣∣∣
α,λ=const;q→0
=
∫
d4k
(2pi)4
1
k4
d
d ln Λ
[
− (C2)
2 6α
R2k
+ 2αC2T (R)
(
1
F 2k
−
k4F 2k(
k2F 2k +M
2
)2
)
+tr
(
C(R)2
) 4α
rFkRk
− C(R)i
j
λimnλ∗jmn
pirF 2k
]
+O(α2, αλ2, λ4). (41)
Comparing this expression with Eq. (32) we see that the NSVZ-like equation (4) relating various
two-point Green functions is really valid in the considered approximation with the considered
version of the higher derivative regularization. (Note that the equality takes place for loop integrals
in the case of arbitrary values of the parameters m and n > 1.) This confirms the assumption
made in Ref. [55] that Eq. (4) is valid in all orders and can be used for deriving the NSVZ relation
and constructing the NSVZ scheme in the non-Abelian case.
6Certainly, there is also a non-invariant counterterm containing V ∂2V , but to find it, it is necessary to calculate
the function G˜V for non-vanishing values of q. Such calculations are much more complicated from the technical
point of view, see, e.g., [56].
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4 Conclusion
In this paper we have verified Eq. (4) for the general N = 1 supersymmetric gauge theory by
comparing the two-loop two-point Green function of the background gauge superfield with the one-
loop two-point Green functions of the quantum gauge superfield, of the Faddeev–Popov ghosts,
and of the matter superfields. To make this check we use the BRST non-invariant version of the
higher derivative regularization supplemented by a subtraction scheme which restore the Slavnov–
Taylor identities. This regularization was chosen, because in this case all integrals defining the
two-loop running of the coupling constant have been calculated earlier. After calculating one-
loop two-point Green functions of the quantum fields listed above, we have checked that Eq.
(4) is really satisfied. This confirms the proposal made in Ref. [55] that this equation is valid
in all orders and can be used as a starting point for deriving the NSVZ relation (1) by direct
summation of supergraphs. Nevertheless, it is highly desirable to verify Eq. (4) in the case
of using the BRST invariant version of higher derivative regularization. This problem is more
difficult from the technical point of view, because of new higher derivative vertices. These new
vertices essentially complicate the calculation even of the two-loop β-function. However, we hope
that in future it would be possible to make such a check of Eq. (4).
Acknowledgements
We are very grateful to A.L.Kataev and A.E.Kazantsev for valuable discussions. Also we
would like to express our thanks to A.L.Kataev for the idea to use the abbreviation MSL.
References
[1] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Nucl. Phys. B 229
(1983) 381.
[2] D. R. T. Jones, Phys. Lett. B 123 (1983) 45.
[3] V. A. Novikov, M. A. Shifman, A. I. Vainshtein and V. I. Zakharov, Phys. Lett. B 166
(1986) 329; Sov. J. Nucl. Phys. 43 (1986) 294; [Yad. Fiz. 43 (1986) 459].
[4] M. A. Shifman and A. I. Vainshtein, Nucl. Phys. B 277 (1986) 456; Sov. Phys. JETP 64
(1986) 428; [Zh. Eksp. Teor. Fiz. 91 (1986) 723].
[5] M. A. Shifman and A. I. Vainshtein, In *Shifman, M.A.: ITEP lectures on particle physics
and field theory, vol. 2* 485-647 [hep-th/9902018].
[6] I. L. Buchbinder and K. V. Stepanyantz, Nucl. Phys. B 883 (2014) 20.
[7] I. L. Buchbinder, N. G. Pletnev and K. V. Stepanyantz, Phys. Lett. B 751 (2015) 434.
[8] M. T. Grisaru and W. Siegel, Nucl. Phys. B 201 (1982) 292 [Erratum-ibid. B 206 (1982)
496].
[9] P. S. Howe, K. S. Stelle and P. K. Townsend, Nucl. Phys. B 236 (1984) 125.
[10] I. L. Buchbinder, S. M. Kuzenko and B. A. Ovrut, Phys. Lett. B 433 (1998) 335.
[11] S. Mandelstam, Nucl. Phys. B 213 (1983) 149.
10
[12] L. Brink, O. Lindgren and B. E. W. Nilsson, Nucl. Phys. B 212 (1983) 401.
[13] S. L. Adler, Phys. Rev. D 10 (1974) 3714.
[14] M. Shifman and K. Stepanyantz, Phys. Rev. Lett. 114 (2015) 051601.
[15] M. Shifman and K. V. Stepanyantz, Phys. Rev. D 91 (2015) 105008.
[16] J. Hisano and M. A. Shifman, Phys. Rev. D 56 (1997) 5475.
[17] I. Jack and D. R. T. Jones, Phys. Lett. B 415 (1997) 383.
[18] L. V. Avdeev, D. I. Kazakov and I. N. Kondrashuk, Nucl. Phys. B 510 (1998) 289.
[19] N. Arkani-Hamed and H. Murayama, JHEP 0006 (2000) 030.
[20] E. Kraus, C. Rupp and K. Sibold, Nucl. Phys. B 661 (2003) 83.
[21] I. Jack, D. R. T. Jones and C. G. North, Phys. Lett. B 386 (1996) 138.
[22] I. Jack, D. R. T. Jones and C. G. North, Nucl. Phys. B 486 (1997) 479.
[23] I. Jack, D. R. T. Jones and A. Pickering, Phys. Lett. B 435 (1998) 61.
[24] R. V. Harlander, D. R. T. Jones, P. Kant, L. Mihaila and M. Steinhauser, JHEP 0612
(2006) 024.
[25] L. Mihaila, Adv. High Energy Phys. 2013 (2013) 607807.
[26] D. Kutasov and A. Schwimmer, Nucl. Phys. B 702 (2004) 369.
[27] A. L. Kataev and K. V. Stepanyantz, Theor. Math. Phys. 181 (2014) 1531.
[28] A. L. Kataev and K. V. Stepanyantz, Phys. Lett. B 730 (2014) 184.
[29] A. A. Slavnov, Nucl. Phys. B 31 (1971) 301.
[30] A. A. Slavnov, Theor.Math.Phys. 13 (1972) 1064 [Teor. Mat. Fiz. 13 (1972) 174].
[31] A. A. Slavnov, Theor. Math. Phys. 33 (1977) 977 [Teor. Mat. Fiz. 33 (1977) 210].
[32] V. K. Krivoshchekov, Theor. Math. Phys. 36 (1978) 745 [Teor. Mat. Fiz. 36 (1978) 291].
[33] P. C. West, Nucl. Phys. B 268 (1986) 113.
[34] A. L. Kataev and K. V. Stepanyantz, Nucl. Phys. B 875 (2013) 459.
[35] A. L. Kataev, A. E. Kazantsev and K. V. Stepanyantz, Nucl. Phys. B 926 (2018) 295.
[36] I. V. Nartsev and K. V. Stepanyantz, JETP Lett. 105 (2017) no.2, 69 [Pisma Zh. Eksp.
Teor. Fiz. 105 (2017) 57].
[37] A. A. Soloshenko and K. V. Stepanyantz, Theor. Math. Phys. 140 (2004) 1264 [Teor. Mat.
Fiz. 140 (2004) 430].
[38] A. V. Smilga and A. Vainshtein, Nucl. Phys. B 704 (2005) 445.
[39] K. V. Stepanyantz, Nucl. Phys. B 852 (2011) 71.
[40] K. V. Stepanyantz, JHEP 1408 (2014) 096.
11
[41] A. E. Kazantsev and K. V. Stepanyantz, J. Exp. Theor. Phys. 120 (2015) 618 [Zh. Eksp.
Teor. Fiz. 147 (2015) 714].
[42] I. V. Nartsev and K. V. Stepanyantz, JHEP 1704 (2017) 047.
[43] W. Siegel, Phys. Lett. B 84 (1979) 193.
[44] W. Siegel, Phys. Lett. B 94 (1980) 37.
[45] A. A. Vladimirov, Theor. Math. Phys. 43 (1980) 417 [Teor. Mat. Fiz. 43 (1980) 210].
[46] S. S. Aleshin, A. L. Kataev and K. V. Stepanyantz, JETP Lett. 103 (2016) no.2, 77 [Pisma
Zh. Eksp. Teor. Fiz. 103 (2016) 83].
[47] S. S. Aleshin, I. O. Goriachuk, A. L. Kataev and K. V. Stepanyantz, Phys. Lett. B 764
(2017) 222.
[48] A. B. Pimenov and K. V. Stepanyantz, Theor. Math. Phys. 147 (2006) 687 [Teor. Mat. Fiz.
147 (2006) 290].
[49] A. B. Pimenov, E. S. Shevtsova and K. V. Stepanyantz, Phys. Lett. B 686 (2010) 293.
[50] K. V. Stepanyantz, Proceedings of the Steklov Institute of Mathematics, 272 (2011) 256.
[51] K. V. Stepanyantz, “Factorization of integrals defining the two-loop β-function for the
general renormalizable N=1 SYM theory, regularized by the higher covariant derivatives,
into integrals of double total derivatives,” arXiv:1108.1491 [hep-th].
[52] K. V. Stepanyantz, J. Phys. Conf. Ser. 343 (2012) 012115.
[53] S. S. Aleshin, A. E. Kazantsev, M. B. Skoptsov and K. V. Stepanyantz, JHEP 1605 (2016)
014.
[54] V. Y. Shakhmanov and K. V. Stepanyantz, Nucl. Phys. B 920 (2017) 345.
[55] K. V. Stepanyantz, Nucl. Phys. B 909 (2016) 316.
[56] A. E. Kazantsev, M. B. Skoptsov and K. V. Stepanyantz, Mod. Phys. Lett. A 32 (2017)
1750194.
[57] J. C. Taylor, Nucl. Phys. B 33 (1971) 436.
[58] A. A. Slavnov, Theor. Math. Phys. 10 (1972) 99 [Teor. Mat. Fiz. 10 (1972) 153].
[59] A. A. Slavnov, Phys. Lett. B 518 (2001) 195.
[60] A. A. Slavnov, Theor. Math. Phys. 130 (2002) 1 [Teor. Mat. Fiz. 130 (2002) 3].
[61] A. A. Slavnov and K. V. Stepanyantz, Theor. Math. Phys. 135 (2003) 673 [Teor. Mat. Fiz.
135 (2003) 265].
[62] A. A. Slavnov and K. V. Stepanyantz, Theor. Math. Phys. 139 (2004) 599 [Teor. Mat. Fiz.
139 (2004) 179].
[63] C. Becchi, A. Rouet and R. Stora, Commun. Math. Phys. 42 (1975) 127.
[64] I. V. Tyutin, “Gauge Invariance in Field Theory and Statistical Physics in Operator For-
malism,” Lebedev Institute preprint No. 39 (1975), arXiv:0812.0580 [hep-th].
12
